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Given a II,-factor M with separable predual and 3. a free action of a countable 
amenable discrete group G on M, we show that the crossed product M x, G has 
property r (resp. is McDuff) when M itself has property r (resp. is McDuff). 
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1. INTRODUCTION 
Let M denote a II,-factor with separable predual and normalized trace 
r. As usual, the Hilbert norm I/. II2 on M given by r is defined by 
11.~11~ =r(.~*x)i’~, SE M. Recall that M is said to have property r (of 
Murray and von Neumann [ 141) when for any X, , . . . . Y EM, E > 0, there ,1 
exists a unitary u E M such that r(u) = 0 and // [.u,, ~111~ < 1:. i= I, . . . . n. 
Property f plays an important role in the theory of II,-factors and has 
been characterized in many ways. As a sample we refer to [4, 6, S]. Now, 
let x: G + Aut(M) denote an action of a countable discrete group G on M 
which is free, i.e., each z,~ is outer, R # 1. Then consider the resulting 
crossed product M x, G, which is well known to be a II ,-factor. The main 
purpose of this note is to establish the following result, believed to be true 
by Popa (cf. [19, p. 32 or 20, 3.3.21). 
THEOREM A. If‘ G is arn~mdde mu’ M has propert)’ r, then M x, G LI~SO 
has property I: 
Theorem A has previously been obtained for G finite 13, Theorem 1 ] 
and for G = Z [ 19, p. 32). On the other hand, it is elementary to produce 
examples of free actions of nonamenable groups on II,-factors with 
property r such that the resulting crossed products also have property r. 
For an example of a free action of L on a II,-factor without property r 
such that the crossed product has property I-, we refer to [ 17, Proposi- 
tion 4.31. For other connected results, see [ 12, 131. 
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Another interesting property for II,-factors, which is stronger than 
property I-, is that of being McDuff (see, for example, [S, 6, 91). Recall 
that M is called McDuff if M is *-isomorphic to M @ R, where R denotes 
the hyperfinite II,-factor. In order to prove Theorem A, we first present a 
proof of the following theorem, which in essence may be attributed to 
Ocneanu: 
THEOREM B. [f’G is amenable and M is McD!ff; then M x, G is McDtQ 
too. 
When G is finite, Theorem B is a consequence of [ 18, Proposi- 
tion 1.11 (ii)]. Examples of free actions of nonamenable groups on McDuff 
II,-factors such that the resulting crossed products are McDuff are easy to 
construct. For an example of a free action of Z on a non-McDuff II,-factor 
(with property I-) such that the crossed product is McDuff, we refer to 
[ 111. Further, we show that the remaining part of Theorem A, modulo 
Theorem B, is true: 
THEOREM C. If G is anwnahle and M has proptvt!~ f without being 
McDz.#; then M x 3 G has propert~~ r. 
We begin this paper with a section (Section 2) devoted to a review of 
some facts about cocycle crossed actions and regular extensions 
[2, 16, 23, 241. Our main interest lies in a folklore result about decomposi- 
tion of crossed products, which we need explicitly in Section 3, where 
Theorems B and C are proved. Our proof of Theorem B relies heavily on 
two deep results of Ocneanu [ 16, Theorems 1.1 and 1.21, which themselves 
rely on techniques and results developed by Ornstein and Weiss, McDuff, 
Jones, and Connes among others. We note that Theorem B may also be 
deduced from an assertion stated without proof by Ocneanu (see [16, p.6, 
the assertion following Th. 1.21). However, we propose a slightly different 
approach, which we hope is of independent interest. On the other hand, the 
main idea in the proof of Theorems C is to invoke, in a suitable way, a 
result of Schmidt [22, Theorem 2.41, which itself is an outgrowth of 
the Connes+Feldman-Weiss theorem. We follow standard notation and 
terminology, as may be found for example in [13]. Otherwise, the reader 
may consult [7, 161. We quote here some notation. 
Suppose we are given a von Neumann algebra N acting on a Hilbert 
space K and a discrete group H. Then 
Aut( N) = the group of *-automorphisms of N, 
U(N) = the group of unitaries in N, 
B(K) = the bounded linear operators acting on AI. 
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I’( H, K) = the Hilbert space of all k--valued functions 
5 on H such that x,,, I, ii<(h)ll’< +x, 
I’(H) = I’(H, C), 
Aut( H) = the group of automorphisms of H. 
When UE U(B(ti)) is such that uNu * = N, ad(u) denotes the *-auto- 
morphism of N implemented by u. Finally, when M: H + Aut(H) denotes an 
action of H on N with resulting crossed product N x, H, we sometimes 
identify N with its canonical copy in N x, H. 
2. COCKLE CROSSED ACTIONS AND REGULAR EXTENSIONS 
Let N denote a von Neumann algebra acting on a Hilbert space ti. 
A COCJ& crossc~ti action of a discrete group K on N is a pair (B, u), where 
/I’: K + Aut(N) and II: K x K + U(N) satisfy for k, 1, tm E K 
u(k, 1) u(kl, 171) = Px(u(l, n)) u(k, hn), 
u(l,I)=u(k, l)= 1. 
The replur extrnsion of N by K, say N x(,~,,,, K, is then defined as the 
von Neumann algebra acting on l’(K, K) generated by rcJN) and E.,(K), 
where rc,) is the faithful normal representation of N on 12(K, ti) defined by 
while, for each k E K, i,,(k) is the unitary operator on l’(K, ti) defined by 
(L(k)O(l) = u(l ‘3 k)4(k ‘I) (.~-EN,~EI~(K,~),IEK). 
Accordingly, when u = 1, i.e., when 1 is an action of K on N, the regular 
extension amounts to the ordinary crossed product N x,, K. 
One easily checks that the covariance formula 
n,Ok(-x)) = ad(4,(k)H~,j(e~)) 
holds for all k E K, x E N, and also that 
k,(k) k,(O = n,j(u(k, 4) L(k4 
holds for all k, IE K. 
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Further, one may proceed as in [25, Proposition 3.41 (cf. 12, 
Theorem 51) to verify the following proposition, which assures that the 
algebraic structure of N x ,,], u) K is independent of the Hilbert space K. 
PROPOSITION 1. Suppose 8: N + P is a *-isomorphism hetb~een tww 
con Neumann ulgehras N und P acting respectively on IG und k., and that 
(/J, u) is a cocycle crossed action of u discrete group K on N. Lkfinr 
ITk = i9akt9 ’ E Aut(P) and ii(k, I) = O(u(k, I)) E U(P) fi)r ull k, IE K. Then 
(fl, U) is a cocycle crossed action of K on P, and there exists a *-isomorphism 
i? Nx C,j,u, K--t P x ,/r.u, K such that 
~puw) = iJ(+(-9) (.u E N). 
E.,(k) = @R,(k)) (k E K). 
Now, given a map v: K + U(N) with v, = 1, the perturbation qj’(b, u) by 1; 
is, by definition, the pair (p, ii) obtained by setting 
ii(k, 1) = vA.jJli(v,)u(k, I) v;, (k, 1~ K). 
One readily verifies that (fl, ii) is a cocycle crossed action of K on N. We 
say that (j?, u) is a coboundury (of ~1) when Cz 1. 
The next proposition is well known; indeed it is merely a restatement of 
a part of [24; Prop. 5.1.21. 
PROPOSITION 2. If (fl, 6) is a perturbation (by c) qf u cocycle crossed 
action (p, u) of a discrete group K on a von Neumann ulgebra N, then 
N x (D.~, K is *-isomorphic to N x c,j.ur K. 
Our main interest in this section is to show how cocycle crossed actions 
and regular extensions naturally appear when decomposing crossed 
products. For group von Neumann algebras, this has been treated in [24, 
Proposition 3.171 (and in [2, Theorem 111). When the acting group in a 
given crossed product may be decomposed as a semi-direct product, the 
expected decomposition of the crossed product as a “double” crossed 
product has been pointed out in [ 1, Theorem 4.31 and [21, Theorem 2.41. 
As we have not been able to find a suitable reference in the literature for 
the general situation, and we need an explicit version in the next section, 
we now sketch a proof of such a result. It slightly generalizes [ 15, 
Theorem 33. 
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PROPOSITION 3. Let 1 + H + G -+= K + 1 denote an exact sequence of 
discrete groups and 2: G -+ Aut(M) an action of G on a von Neumann 
algebra M acting on a Hilbert space h-. Identtjj- H with its cop~j in G and set 
N=Mx I, n H, where r / H denotes the restriction of a to H on M. Then 
there exists a cocycle crossed action (flu) of’ K on N such that 
M x, G is *-isomorphtc to N x~,~,~) K. 
Proof: For each ke K, k # 1, choose n, E G such that z(n,)= k, and 
set n, = 1. Then define cr: K+ Aut(H) by oh(h)=nkhn; ’ (11~ H), and 
v: Kx K+ H by v(k, I) = nkn,nk,’ (k, IE K). One verifies that (a, tl) satisfies 
for k, 1, m E K, 
oA 0, = ad(v(k, I)) gk,, 
v(k, l)v(kl, m) = oA (~(1. m)) v(k, lm), 
v(k, 1) = v( 1, 1) = 1 
Write 7 for cy 1 H, so that N = M x;, H. Then denote by (7~~ (x), j(h); 
x 6 M, h E H} (resp. { K,(.Y), Z(g); x E M, g E G } ) the generators of N on 
l*(H, K) (resp. Mx, G on l’(G, K)). 
Claim 1. For each k E K, there exists fik E Aut(N) such that 
ti) Bk(z&,~)) = n;.tu,,,(-mu)) (.UE Ml, 
(ii) ljk(jw(h)) = E(a,(h)) (h E H). 
Assume first that r is implemented by a unitary representation g + a(g) 
of G on ti. Then define ljk E Aut(B(k @ 1 *(H))) by 
Bk = adta(n,)Od,) tk E K), 
where d, is the unitary operator on l’(H) defined by 
(40(h) = <(a, ’ th)) ((E l’(H), h E H). 
Canonically identifying K @ 1 *(H) with l’(H, ti), one checks, essentially as 
in [21, Lemma 2.31, that each /Ix- satisfies (i) and (ii) above. Hence the 
desired bk’s are obtained by restriction to N. 
If c( is not implemented on K, then a: G + Aut(n,(M)) defined by 
C(R=nlug~;’ (gEG) is implemented by g + I(g) on 1 ‘(G, K). Accordingly, 
there exists p,~Aut(z,(M) x,H) satisfying the analogues of (i) and (ii) 
for each k E K, where r denotes the restriction of @ to H. Now, a 
straightforward application of Proposition 1 (with P = n,(M), d = n,, 
fl= y, and u s 1) gives the existence of the desired pk’s on N (by setting 
flk = 8 -- ‘Ijkg) and Claim 1 is established. 
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Define u(k, I) E U(N) by 
u(k, 1) = /l(u(k, I)) (k, IE K). 
With the help of Claim 1 and the cocycle equations for (a, v), it is elemen- 
tary to check that the induced pair (8, U) is a cocycle crossed action of K 
on N. 
The regular extension N x (,j, u, K, which acts on 1*(K, 12(H, K)) is then 
clearly generated by 
‘,7c,l(7r:.(x)), 7cJi(h)), l.,(k); x E M, h E H, k E K}. 
Define W: l’(K, l’(H, K)) -+ 12(G, ti) by 
( WO(s) = Cc’(ds))l (%(, +59 (~EI’(K, 12(H, ti)), gEG). 
Plainly, W is a unitary operator and W*: 12(G, x) + 12(K, l’(H, ti)) is given 
by 
C(fJT)(k)l (~)=.f(cJ~) (f‘e 12(G, K), k E K, h E H). 
Since G is generated by {h, n,; h E H, k E K}, the proof of the proposition 
is clearly achieved as soon as one establishes the following: 
Claim 2. (i) W7rp(7-c;.(.x)) W* = 7r,(x) (xE M) 
(ii) Wnp(i(h)) W* = Z(h) (h E H) 
(iii) WA,(k) W* = X(nk) (k E K). 
We leave the proof of (ii) to the reader and prove (i) and (iii). Let x E M, 
keK, gEG, and r~l’(G, K), and set l=n(g)cK. Then 
which proves (i). 
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Further, 
(W&(k) w*o(s) 
= C(4,(k) w*i')(ol b-1 8) 
= [u(l-', k) W*<(k-'l)] (n,-,g) 
= [l.(v(l~ ‘, k)) W*t(k ‘f)] (n/m, g) 
= [ W*i”(k ‘1)] ((n, Inkn, Ik) ’ n,-,g) 
= &l,!l,,-1 n,-l/p; g) 
= (34)5) (g), 
which proves (iii). Q.E.D. 
We note that crossed products by locally compact (separable) groups 
may be handled in the same way, with some minor modifications following 
[24], but we leave this to the reader. 
3. PROOFS OF THEOREMS B AND C 
In this section, we suppose that we are given a II,-factor A4 with 
separable predual and normalized trace r, and a free action CI of a 
countable discrete group G on M. 
We recall that 0~ Aut(M) is called centrally triuiul, eeCt(M), if for 
any centralizing sequence (x,) in M, i.e., which is norm bounded and 
satisfies that II [x,,, y]llZ + 0 (n + + cc) for any .Y E M, one has that 
I/~(x,,)-x~~~~ +O (n -+ + a) (cf. [S, 161). Further, r is called centrally 
trivial (resp. centrally free) on M when a,~ct(M) (resp. CI~$ Ct(M)) for 
each gEG, g# 1. 
LEMMA 4. Suppose that c( is centrally trivial on M. Then 
(a) each central sequence in M identifies with a central sequence in 
Mx, G. 
(b) M x, G is McDuff when M is McDufi: 
Proof: (a) follows immediately from the covariance formula in 
M x, G and the assumption on Z, while 




LEMMA 5. If  G is amenable, z is centall}, free on M, and M is McDyfl: 
then M x 1 G is McDuJfi 
ProoJ: By combining [ 16, Theorem 1.2; 25, Corollary 3.61, we have 
M x, G is *-isomorphic to (M @ R) xzgld K G, the latter being clearly 
McDuff. Q.E.D. 
THEOREM B. [f‘ G is amenable and M is McDgfl; then M x I G is 
McDyfjf: 
Prooj: Define H= {h E G 1 x,, E Ct(M)}. Since Ct(M) is normal in 
Aut(M), H is a normal subgroup of G and we may define K= G/H. Since 
G is amenable, K is itself amenable (cf. [ 10, Theorem 1.2.41). Let ?/ denote 
the restriction of u to H on M. Trivially, 7 is a free action of H on M and, 
by Lemma 4(b), N= M x;. G is McDuff. Further, Proposition 3 says that 
there exists a cocycle crossed action (8, U) of K on N such that M x 1 G is 
*-isomorphic to N x (li,UJ K. We now claim that (8, U) is centrally free on N, 
i.e., pA $ Ct(N) for each k E K, k # 1. 
Indeed, let k E K, k # 1. From the proof of Proposition 3, there exists 
nk E G, nk $ H, such that pk(rr7(,v)) = n,(r,,, (x)) for all x EM. By definition 
of H, z,,~ is centrally free on M, i.e., there exists a central sequence (x,) in 
M such that ~~x,,~(s,)-x,/(~+~ (i -+ +x). Then (~c,(.Y,)) is a central 
sequence in N (cf. Lemma 4(a)) such that 
IlBk (g-y,)) - qx,)ll? 
= Il~r~~(-Yi)--.YrI12 +,O (i+ +cr3). 
Hence Pk is centrally free on N. 
Now, by appealing to [ 16, Theorem 1.11, we have that (j?, U) is a 
coboundary; hence we may perturb (8, U) to a centrally free action i? of K 
on N, and, by Proposition 2, we have that N x(~,~) K is *-isomorphic to 
N xp K. By Lemma 5, N xp K is McDuff. Altogether, this shows that 
M x 1 G is McDuff. Q.E.D. 
We now turn to the proof of Theorem C. We pick a free ultrafilter o on 
N and denote by M” the ultraproduct algebra of M (which is a II,-factor) 
and by TO its canonical trace. Set M, = M’ n M” (the relative commutant 
of the canonical copy of M in MC’) and let d: G + Aut(M,,) denote the 
induced action defined a,( (x,)) = (~1, (x,,)), g E G. For more information on 
this, we refer to [4, 5, 9, 16, 191. 
LEMMA 6. If  G is finitely generated and amenable, and M has property 
f  without being McDuJk then M x I G has property f.  
412 ERIC BkDOS 
Proof: Denote by g,, . . . . g, the generators of G (r < + CC ). Since M has 
property r without being McDuff, we have that M, is non-trivial com- 
pletely non-atomic abelian von Neumann algebra (cf. [4, 91). If d is not 
ergodic on M,,, then let 9 be a E-fixed non-scalar element in M,. From the 
covariance formula in A4 x 2 G, one obtains easily that q E (M x ~ G)’ n 
(M x, G)“. Since q $ @, this implies that A4 x 1 G has property r (by [4]). 
Suppose next (for the sake of obtaining a contradiction) that ji is ergodic 
on M,. By [22, Theorem 2.41, d is then not strongly ergodic on M,,,, i.e., 
there exists a sequence of projections (pi) in M,, such that r’“(p,) = 4 (i E fV) 
and llag(pi)-piJz +O (i+ + 3cj) for all gE G. It should be noted that we 
here, in fact, apply [22, Theorem 2.41 on a countably generated d-invariant 
completely non-atomic von Neumann subalgebra of M,,, such as the one 
generated by {I.?,(U), g E G} for an a E M,, with infinite spectrum. 
By taking a subsequence of (p,) and renaming, there exists a sequence 
(qN) in M,, such that, given n E N, then 
llax,(4x)-4nl12~~~ j= 1, . . . . r. 
Now we may represent each q,, by a sequence of projections in M, 
qn = (qn,Jm, with z(q,,, ) = 4 for all n,m E N (cf. [5 or 91). For each n E N, 
we may then choose m, E N such that 
j= 1, . . . . r, 
and 
II c4 k = 1, . . . . n, 
where (yk) is a II . (I ,-dense sequence in the unit ball of M fixed from the 
beginning. 
Now set q = (qn,m,)nE M”. From the above inequalities, one easily 
obtains that q E M, and &(q) = q, j = 1, . . . . r. Further, q is a projection 
with s”(q) = $. Hence q is a non-scalar element in M,, which is &fixed 
since g,, . . . . g, generates G. This contradicts the assumption of ergodicity 
on 6. Q.E.D. 
THEOREM C. I f  G is amenable and M has property r without being 
McDuff, then M x, G has property IT 
Proof: Since G is countable, we may write G = lJ,E N G,, where (G,) is 
an increasing sequence of finitely generated subgroups of G; by amenability 
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of G, each G, is amenable (cf. [lo, Th. 1.2.51). Set N,= M x,,~~ Gi (iden- 
tified as a subfactor of M x, G) for each je N. By Lemma 6, each N, has 
property ZY Since (N,) is an increasing sequence of subfactors of N such 
that Mx,G=U,.~ N,” ‘12, it follows from [19, Theorem 1.4.1(i)] that 
M x, G has property r. Q.E.D. 
Our proof of Lemma 6 is inspired by the proof of [ 19, 
Theorem 1.4.l(iii)], where Popa shows that Theorem A is valis when 
G = Z. His idea is to apply the Rokhlin-type theorem of Connes to x” in 
M,,. This argument requires z to be centrally free on M, but one reduces 
easily to this case. 
Also, a more direct proof of Theorem A in the same spirit would clearly 
be available if the analogue of Schmidt’s result could be shown in the 
non-abelian case. 
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